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This thesis presents a controller design for balancing the rotary inverted pendulum, which
is an unstable system. A DC- servo motor was used to be an actuator and a rotary encoder was used

to measure the angle of pendulum in order to control the rotary inverted pendulum into the upright

position.

In this thesis, the model of rotary inverted pendulum was derived by the Lagrange’s

equation and so did the DC servo motor model. The control algorithms have been proposed as

Swing-up and Balancing for a Rotary Inverted Pendulum
Mr. Rungroj Kawsringam

Mechanical Engineering

Dr. Manusak Janthong

2011

ABSTRACT

1) fuzzy logic controller for swing-up problem and 2) LQR for stabilization problem.

The experiments showed that the fuzzy logic controller could swing the pendulum up into

the upright position, with the swing-up time about 15 seconds and LQR was able to stabilize the

pendulum, with the settling time approximately 18 seconds.

Keywords: fuzzy logic controller, LQR (linear quadratic regulator), rotary inverted pendulum
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(2.8)

gNAIDE1UASY
Output=(80H*6AH)+(AAH*2AH)+(55H*95H)/(6AH+2AH+95H)
Output=70H
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<
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(2.9)
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« I coso
|

i

AL
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MNA 2.10 nuuSiavIwamans yeagndunnii

a o J (% o d o
Wi]’]im”lﬁuﬂ’]ﬁwa\‘]ﬂﬁluﬁ]ﬁuuagv\lﬁ\i\ﬂl‘lﬁﬂﬂm@\igﬂgjﬂJNﬂW‘u

1 -,
To = JJox
VO =0

HNTUAUMITZUVNWATUUVBIGNANKNAY AT Teuanns 1o

X1 = Ly cosa + 1 sinasin
y; = Lo sina — cos asin 3
z, =1y cosf
X, = —Lod sina + 1;d cosasin B + 1, sin a cos B
y, = Lod cosa +1;d sinasin B —1;B cos acos B
Z; = 1;Bsinp
x"1 = Loa'sina + (11('1 cos asin B + 1; B sin a cos B)z

—2L, asin a(llc'x cos asin B + 1; B sin a cos B)

= Lya'sin‘a + I3 occon’asin’B + I3 B'sin‘acon’B

e

16

+2I; af sin o cos asin B cos B — 2Lol; & sin a cos asin B — 2Lgl; &Bsin‘a cos B

y; = Loacon'a + (& sin asin B — 153 cos a cos B)
+2Lyacosa (11('x sin asin B — 143 cos a cos B)
= Lyacon'a + lyarsimasin’ + I; B'con’acon’

—2I;af sin o cos asin B cos B + 2Ll & sin o cos asin B — 2Lgl; afcon’a cos B

z; = I;B'sin’B
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a an 9 o a [V 4 o Y4
WATAAUMITUAVOIGNANKAAY NNTANAUMINAINUIAY Ty 1z WaINUAn V)
s e
T, =718 + §m1(x1 +y, t Zl)
=11+ myLoar + 2my 1y asin'B + 2my 13 B — my Lol & cos B
=m; Loa + 2(J; + my )P + 2my Ly asin'@ — my Loly & cos B

V; = m;gz; = m;gl; cosfB

UNUATUNTNANIU IUFUNITUDY Lagrange equation

Lo =Ty —Vp
L=T-V;
L:L0+L1

:T0+T1 _VO_VI

= 1] + %mleoo'E-I;%(]l +m, ;)P + 2mylya’sin'B — my Lol; & cos B
—m; gl; cos

=2(Jo + myLp)a +3(J; + m, [ + myljorsin'p — m, Lol; &f cos B
—m, gl; cos 3

A oL
NITUIYUUDI A fl]"lﬂﬂﬁﬁigua =0

Z—z = (Jo + myLy)a + my I ésin'B — my Lol, & cos B
d

oL . .
I (%) = (Jo + myLy)& + myljdsin’'B + 2m; 15 &f3 sin B cos B — m; Lyl; B cos B

+m; Lol B sin B
= (Jo + myLy)& + myl; &sin’B — my Lol B cos B + my 15 & sin 28
+m; Lol, B sin B

NDTUINATINVDINTOANYY &
Ty = Ty — Co

4 7
Lﬁf] Tm = NIDAVDINBIADT
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(Jo + myLy)& + m,I; @sin’B — my Lol; B cos B + m, 1, &f sin 2B 4+ m, Lyl; B sin B

) _ =Ty — Co
(Jo + myLy)d + mylj@sin'B — my Lyl; B cos B + Cydt + my 15 a3 sin 23
+m; Lol; B sin B = 1, (2.10)
(Jo + myLy)& + m, 1 ésin’B — my Lol B cos B + Coét + my I & sin 28
+m; Lol; B sinp = K;—I:l“u — K;—I:“d

K;K“) & + m I3 & sin 28
a

(Jo + myLy)& + myI;ésin'B — m, Lyl, P cos B + (CO +

+my Lol sin B — "ty = 0 @.11)

WNFANTUMIVRINY S

g—; =m,12a? sin B cos B + m, 2P sin B + m, gl sin B
= %mll%(?'z sin B + my12ap sin B + m, gl; sin B
% = (J; + myl$)B — my Lol & cos B

d(oL\ oL
3 ap) -5~

(]1 + mllzl)B - mlLolla Ccos B + mlLoll(xB SlnB _%mllzl d(ZSIH ZB
—m, Lol;apB sin B — m, gl, sin B

.1 .
—myLolyacos B+ (J; + my13)B — Emll%az sin 28 — m;, gl; sin B = T

NI UINATINVDINTOANYY B

Tﬁ = _ClB
—my Lolyccos B+ (J; + myly)B — %mll‘1 o’'sin 2B — m,gl; sin B = —C,f
—m; Lol cos B + (J; + myly)p — “myl; o'sin 28 + C,f —mygl,sinp=0 (2.12)

Jagaums 2.10) naz 2.12) Wugdunuwesn

[ Jo + my Ly + myljsinB  —m, Lyl cos B] [a] +
_m1L011 Ccos B ]1 + mllzl B
[Co + myI;Bsin 2B  m,Lyl;BsinB + %mll‘1 asin 2

&
.|+
| —myl; asin 2P C, [B]
0 _ [Tm
|m, gl sin B] a [ 0 ] (2.13)
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UNUAUNIT (2.09) Tuaums 2.11) uag (2.12) &

[Jo + m;Ly + mylisin'B  —m;Lyl; cos B] [a]
_m1L011 Ccos B ]1 + mllzl B
Co + =+ m,l;Bsin2p myLyl;BsinB + 111111 asin 23 [ ]
a
—111111 asin 23 Cq B
0 KKy
'm, gl; sin B] l IB l (2.14)

d‘ T & a Y Y a Y
maudasauman bidheF aduldiidvauma@adu

y= f(X1 X2, Xn)

y=1¢ (X1 X2, Xn )
_ B ofs ofs ofy
=5 =~ (1 = %1,) .| X% +(x, = XZ) | =t +6—x1 *1=X1
X=Xy X2=X3 X2=X2
Xn=Xn Xn=Xn Xn=Xn

o a Y
2.9 UUUABIAUNIYIAY

ImasiamsIaunsIsadu

X1=%  X2-B X3=B
X1 =0 Xx=0 x3=0

NNAUNT (2.11)

y=(Jo + my Ly)a + m11a sin B — myLol; B cos B + (CO ) & + my16 sin 28
+m, Lol Bsin B — R—a = (o B,B)



— . . K
Y= (o +myLy)d& — myL,1,B — R_; = (0,0,0)

0 _ 9 _ o LKoo
Foialr i Co +Ram11651n23
ot _ — Ke
o= | sz =Coty,
p=0
% = ais = 2m,1& sin B + my Lol; sin B + 2m, & cos 2B + m, Lyl; B2 cos B
2
of
v a=0 =0
da B=0
B=0
af _ of . 5
o m,lyasin 2 + my Ly, B sin
of
e = = 0
ap gzg
B=0
— 0 0 : a
y—X~(@—0)—=| a=0+(PB+0)=| «=0+(B+0)=]| a=0
oi| 5y B| g o ( )as 8=0
B=0 B=0 B=0
X2 (@ —0) 2| aso+ B+0)2| wo+(B+0)2| w0
i 5y B| o B| 5o
B=0 B=0 B=0
.. =K, KeKp\ -
= (]0 + mlLo)(x - m1L011B =i R_; + (CO + ;ab) (0.6
aumssudu (2.11)
Ra Ra

NNFUNTUBDITUNIT 2.12

y= —my Loly&cos B+(J; + myl) B — %mll’lo'cz sin 2B + C,;f — m,gl; sin B

=0 (d,B,B)
y= myLolyd + (J; + myly) B =1 (0,0,0)
of _ of

ot _ 2.0 s
o~ 94 m,l{&sin 23
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M(®)B + F(6,8) + G(6) = HV
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(2.16)

wimsdaliedlugnalveslSglicen x- Ax + Bu; y = Cx + Du (State space

4 < @ { @
model) lugdeumsaniug (State equation) e lHiludmnuvesszuundesmsldoonuunda

AIUAN

a 4 .
ﬁﬂ LATINEISUU (System matrix) YU nx n

a

)

g Q w »

9

a Jdo
Av AT UIAUDUNN (Input matrix) YUIAn X r
a Jo J
Ao INATNTAYYIUOINWN (Input matrix) YUIA m x n

Aa J o 9 9 .
Ao LAY mgmﬂau”lﬂmwm (Feed forward matrix)

Ly = H g " <
@szuu liiduvesdyaranioulidwnd it liauiugud)

1 o J

X ﬁ’@ L’Jﬂm@gﬁﬂTL!&GUEJ\1’53‘]_1U@QﬁﬁﬁlﬂWﬂUﬂ?éﬂﬁU‘U@ﬂi%‘U‘U

A o a
u fAp @wnlsaunm
A 3 J
y f19 ﬂ')LL‘]JﬁLfJTVW!“VI
o o J
Ao UYL INNN (Number of output)
R o ﬁmauﬁmmmﬁuwm (Number of inputs)

Taeii x = [0BOB]" .y=[6B]uaz u= [V]

nnaums 221 shimssagling azla
B+ M(6)7F(6,B) + M(8)1G(8) = M(6)"*HV

Y
iag1ann3a 9z 1@

B= —M(8)"*G(8) — M(6)"*F(6,B ) + M(6)*HV

diounumas ) luaumsaniug (State equation) 92180
0 0 1 0 [g]
% = 0 0 0 g+
[-M@®™ G®] [-M® F(8,p)] 5

0
0

[M(B)~*H

\%

(2.17)

(2.18)
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1. IA39INBNNIUANDS (Computer)

4 a J o 4 o N
1F09ABUNAADS 191U IR 1MININAIUANNMITIINUYDITZVUAILANGNANNNAY

puuguvyy TaeldTsunsu MATLAB 111 Real time Window Target

d d
2. wamasuazlas)

1593 19BIADT T GR 53x58 WA 1A8 dunkermotoren 40yasuNIZAIA15 19N 0.1

y o 4
ﬂTi'l\‘i‘ﬁ .1 %}ﬂyammwm@memm

Rated input Single phase 220 — 255 V. ~ 50/60 Hz
Rated speed 3450 rpm

Maximum speed 3600 rpm

Peak stall torque 0.17 Nm

Rated torque 0.178 Nm

Inertia(without 0.460 kg/cm2

brake)

Output power 0.6 Kw




uoIAD3 1A3 331 ASP — 090 — 09 WA 1w Copley Controls Corp. IoyATUNIY

a v o @ ¢
M1319N N.2 ‘ll@qujﬁﬁ]"lLW"lZall’ﬂ\ﬁJﬂm@illﬂﬁ’J

@gop{evl DIGITAL SERVOAMPLIFIER c
ontrols A CC I l for BRUSHLESS or BRUSH MOTORS
T e Us Pan el o s
GENERAL SPECIFICATIONS RoHS
Test conditions: Load = 3-phase Wye connected load, 2 mH line-line. Ambient temperature = 25 °C. +HV = HVmax
MODEL ASP-055-18 ASP-090-09 ASP-090-18 ASP-090-36 ASP-180-09 ASP-180-18
QUTPUT POWER
Peak Current éga&l.g.ﬂ 9 (?.4) 18 (12.7) 36 (25.5) 9 (6.4) 18 (%2.7) Adc (Arms)
ime
Continuous current 6 (4.2) 3(2.1) 6 (4.2) 12 (8.5) 3(2.1) 6 (4.2) Adc (Arms) per phase
Peak Output Power 0.92 0.79 1.55 2.95 1.59 3.15 kw
Continuous Output Power 0.32 0.27 0.53 1.0 0.53 1.06 kw
INPUT POWER
HV = +20to +55 +20to +90 +20to+90 +20to +90 +20to +180 +20 to +180 Vdc, Transformer-isolated
Peak current 20 10 20 40 10 20 Adc (1 sec) peak
Continuous current 6.7 3.3 6.7 13.3 3.3 6.7 Adc continuous

PWM OUTPUTS

ype
PWM ripple frequency
COMMUTATION & CONTROL

3-phase MOSFET inverter, 20 kHz cent%r](v:_lelghted PWM, space-vector modulation
4 1z

Current loop 20 kHz (50 ps period) update rate
Velocity & ition loop 4 kHz (250 s period) update rate
Commutation Sinusoidal, field-oriented control of DC brushless motor

Phase Initialization Amplifier initializes in trapezoidal comr

utation until
witches to sini ommutation wil ha:

a Hall transition occurs,
rrecti ach Hall signal

BANDWIDTH

Current loop, small signal 3 kHz typical, bandwidth will vary with tuning & load inductance
HV Compensation Changes in HV do not affect bandwidth
Analog torque/velocity +10Vdc, 12 bit resolution Differential 93—2,14
Input impedance 66 kO Between Ref(+), Ref(-)
Digital position reference Pulse/Direction, CW/CCW Ste r commands (2 MHz maximum rate
uad A/B Encoder 20 Mcount/sec (after quadrature), 5 Mline/sec

Digital torque & velocity reference PWM , Polarity PWM = 0~100%, Polarity = 1/0

PWM PWM = 50% +/-50%, no polarity signal required

PWM frequency range 1 kHz minimum, 100 kHz maximum

PWM minimum pulse width 220 ns
All inputs 74HC14 Schmitt trigger operating from 5.0 Vdc with RC filter on input
Logic levels Vin-LO < +1.35 Vdc, Vin-HI > +3.65 Vdc, Input voltage range 0 to +24 Vdc
Pull-up, fuil-dnwm control gN2,3,4] have group selectable connection of 10 kQ input pull-up/down resistor to +5 Vdc or ground
Enable [IN2] edicated input with 330us RC filter for amplifier enable, active level programmable
GP [INI,Z 3,4] General Purpose inputs with 330us RC filter and active level select, [IN1,3,4] have ?mg!ammable functions
HS lNS,Gﬁ High-Speed Inputs inputs with 100ns RC filter, active level select, and programmable functions
RS-232 RxD, TxD, Gnd in 6-position, 4-contact R1-11 type modular connector, and on 13-24, 25, & 13

Full-duplex, serial communication port for amplifier setup and control, 9600 to 115200 baud
Data protocol: binary

Phase U, V, W Amplifier outputs to 3-phase Wye or delta connected brushless motors with floating neutral

Hallu, v, W Digital Hall signals

Encoder A, /A, B, /B, (X,/X) guadmture encoder signals, single-ended or differential (X or Index signal not required)
MHz maximum line frequency (20 Mcount/s) when driven from active differential outputs

[IN1] Motemp . See Digital Inputs (above) for details (Note 1)

Amp Status Bicolor LED. Amplifier status indicated by color, and blinking or non-blinking condition

Type Current-sinking MOSFET open-drain output with 1k pullup to +5 V through diode, 1 Adc sink max, +30 Vdc max.
[OUT1,2] Programmable
External flyback diode required with inductive loads

HV Overvoltage +HV > HV, Amplifier outputs turn off until +HV < HV__ (See Input Power for HV, .,)
HV Undervoltage +HV < 20Wdc Amplifier outputs turn off until +HV > 2¥Vdc

Amplifier over temperature PC Board > 70 °C.

Short circuits Output to output, output to ground, internal PWM bridge faults

T Current limiting Programmable: continuous current, peak current, peak time

Motor over temperature Digital inputs programmed for overtemp function will disable amplifier

Size 6.58 in (167,1 mm) X 3.89 in (98,81 mm) X 1.17 in (29,72 mm)

Weight 0.94 Ib (0.43 kg) for amplifier without heatsink

Ambient temperature 0 to +45 °C operating, -40 to +85 °C storage

Humidi 0% to 95%, non-condensing

Contaminants Pollution degree 2

Environment 1EC68-2: 1990

Cooling Heat sink and/or forced air cooling may be required for continuous power output (see pg. 8 & 9)

1.Digital input & output functions are programmable. Default functions are shown here.
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M990 0.3 ‘fll’é]ﬂaljﬁi]"ILW"lgéll’fNﬂﬁﬂ DAQ

Bidirectional Channels 0

Input-Only Channels 6

Output-Only Channels 4

Number of Channels 0,6,4

Timing Software

Logic Levels 24V

Input Current Flow Sinking , Sodrcing
Output Current Flow Sourcing
Programmable Input Filters Yes

Supports Programmable Power-Up States? Yes

Current Drive Single 350 mA
Current Drive All 400 mA
Watchdog Timer No
Supports Handshaking I/10? No
Supports Pattern /0?7 No
Maximum Input Range ov,30Vv
Maximum Output Range ov,30V
Counter/Timers
Counters 2
Number of DMA Channels 4
Buffered Operations Yes
Debouncing/Glitch Removal Yes
GPS Synchronization No
Maximum Range ov,30v
Max Source Frequency 80 MHz
Minimum Input Pulse Width 12.5ns
Pulse Generation Yes
Resolution 32 bits
Timebase Stability 50 ppm
Logic Levels 24V

Physical Specifications

Length 15.5cm
Width 9.7 cm
/O Connector 37-pin D-Sub

Timing/Triggering/Synchronization
Triggering Digital
Synchronization Bus (RTSI) Yes
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NIBRNUULIMIURNEHTIGNAUNAUIILG 1YY
Controller Design for a Rotary Inverted Pendulum

1 o -
1Tl ufrfon uazuydnd amumes

unm"muaﬁumsmmuammmammuw1ﬂ3uaugﬂwwﬂnmmwmﬁqu edtfugndunniulsl
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nagevfinIguil | doonuuy Taold MATLAB/Simulink $26lumsnaass nAmsnaasuaad Ifi UG

<y v o o,
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sags: nisnssdadmsugngusnaug iy @esam Tuaanundamans

This research aimed to feature the controller design for the stabilization of a rotary inverted pendulum. The
dynamic model in the state-space form of the rotary inverted pendulum was used to design the controller. The LQR
was utilized for determine the control gain. MATLAB/Simulink was implemented to simulate the system .The

simulation experiment showed that the designed controller can control and balance the rotary inverted pendulum,

Eeywords: balancing for a rotary inverted pendulum, balancing, mathematical model
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Controller Design for a Rotary Inverted Pendulum

. <
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Abstract

This research aimed to feature the controller design for the stabilization of a rotary inverted pendulum. The
dynamic model in the state-space form of the rotary inverted pendulum was used to design the controller. The LQR was
utilized for determine the control gain. MATLAB/Simulink was implemented to simulate the system .The simulation
experiment showed that the designed controller can control and balance the rotary inverted pendulum.,

Keywords : balancing for a rotary inverted pendulum, balancing , mathematical model
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